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22 Engineering

Q.11 The trigonometric Fourier series expansion of an
odd function shall have
(@) only sine terms
(b) only cosine terms
(c) odd harmonics of both sine and cosine terms
(d) none of the these

ANSWERS KEY

HINTS & EXPLANATIONS

1. [

s(t) = m,(t) - cos2nf t + my(t) - sin2nf t
Taking Fourier transform,

S(f) = %[/\/A(f— fo) + My(f +1,)]

;
+2—j [Mo(f = 1£,) = My(f +1,)]

m,(t) and m,(t) have bandwidths of 10 kHz and
15 kHz respectively, we can assume the
frequency spectrum of m, (t) and m,(t) as below:
M,(f): M, (f)

—-10 0 +10  f(kHz)

My(f): )

-15 0 +15 f(kHz)

Using above, the frequency spectrum of the
modulated signal can be drawn as below:

soox paciiace P
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|S(f)|

22 2L L2 f 2 8 flkHz)
[ + + 1 + +
‘.l"o ..l_o ..l_o "To .._0 '4_0 “_o M_O
Bandwidth of modulated signal

= (f,+15) - (f,— 15) = 30 kHz

2 8
Let, I= J'S cos( j at
Using the property of impulse function,
.[8 )-dt =x(0)

Hence, I = cos0° =1

El o

Given, the energy of signal f(f) is E. Hence,

E= T (1) [
The energy of the signal f(5t) can be calculated as
- T |#(5t) [
Let, 5t = L_/m = bdt=du

|-

| 4 [B

For the trigonometric Fourier series,

o Tol2
b,= = [ x(t)-sin(nwt)- o
T -T/2
2 0 Tp/2
b,=2= [ x(t) sin(nog) + = j x(t) - sin(nw,t) at
To ~Tol2 To 0

In the first integral, substitute t = —t.
For an even signal, x(t) = x(-t).
5 Tol2

b = < Jesi
=T Tf x(t) - [=sin(no,t)] at
Tol2
+7O 7'_[ x(t) - sin(nw,t) - at
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= b,=0

Hence, the trigonometric Fourier series of an even

function does not have sine terms.

B ©

The trigonometric Fourier series representation of

a periodic signal is given as

x(t) = a+ Y, (a,c08nw,t + b, sinnw,t)
n=1

It can be expressed as

=3

x(1) =
n=0

Hence, the trigonometric Fourier series of a
periodic time function has cosine and sine terms.

6. G

ook paciiace P

Y (a,cosnm,t + b, sinnw,t)

We have,
1 Tol2
— Ot
C= = Tj x(t)-e7™ . gt
-T,/2
1 Tol?
C,= = f x(t) [cos(nw,t) — jsin(nm,t)]dt
1,12
1 Tp/2 Ty/2
C,==| [ xt)costnoghidt—j [ x(t)sin(nw,t)at
T —T,/2 -T,/2
c -8 _ b
n 2 2
. a .b -
Similarly, C = 2+ /-1 (i
R (i)
Subtracting equation (i) and (ii),
Cn_ C—n = _jbn
1
b, = _7(Cn_c—n)
bn = j(cn_ C—n)

(@)

(i) Even {x(f)}=M

Even {x(t)} <L

For real signal
X(—o) = X*(jo)
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Hence,

X(jo) + X (jo)
2

Even {x(1)} « = Re{X(jo)}

(i) Odd {x(1)} = w

X(jo) = X(=jow)
2
X(jo) + X (joo)
2

Odd {x(1)}

Odd {x(t)}

= JIm{X(jo)}
(i) For a real signal, x(t) = x*(t)

Hence, x*(t) «—1— X(jo)

XUO) | x(0) ()

t
(iv) | x(r)de Flms 22
2 jo

Hence, only properties (i) and (ii) are correct.

| & [B)

Signal Trigo_nomeiiric Cqmplex_
Fourier series | Fourier series
Real ay ap, b,#0 C,=¢Cy
ay a,#0
Real and b,=0 ¢, is real and
even a, is real and even
even
a, a,=0
Real and b,#0 ¢, is imaginary
odd b, is imaginary and odd
and odd
Forx,(t), b, = 0and

a, = cos(km) — Real and even
Hence, x,(t) is real and even.
For x,(t), a,=0, a,=0and
b, = jsin(kn) — Imaginary and odd.
Hence, x,(t) is real and odd.

9. [

F(jo) = T f(t)- e ®at

F(jo) = ]: f(t) - [cosot - jsinwt] dt
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2 2 [ 10. [0
F(jw)= [ f(t) coswtdt - j [ f(t)-sinwt - ot
o . FIA-1] = j () e ol
F(jw) = If(t)coswt-dz‘+_ff(t)coswt‘dt Lot o =>—dt a
—/.f (t)-sinot - dt - /If )sinmt - dt _[f )-e(-
Substituting t = -u in first and third integral. T (=
FIA-D)] = gl
Hence, dt=-du. [F=0] _J;f(u) © au
Since, f(—f) = f(f), we get, F[f(—f)] — f(—j(L))
0 oo
F(jw) = ff(u) (coswu) (—-au) + J' f(t)(cosot)dt m (a)
" ° For an odd function,
~j[ f(v) (~sinwu) (-au) - j[ £(t) (sinwt)dt 4 T2
. 0 a== | fith-at=0
oo - -T/2
F(jw) = [fu)(coswu)- du+|f(t)(coswi)dt 5 TI2
0 0 3= = [ ft)- cosnwgt-at=0
e -T/2  Odd function
+[fu)sinwu)du - /jf (sinwt) - dt Since, a, = 0 and a, = 0, therefore the

0

0

F(jo) = 2[f(t)coswt - o

L3

trigonometric Fourier series expansion of an odd
signal have only sine terms (- b, # 0).

CONVENTIONAL BRAIN TEASERS

For the rectangular pulse shown in the figure below, determine the Fourier Transform of x(t) and sketch the

magnitude spectrum with respect to frequency.

x(t)

—_

[ ——

-T 0 +T —t
N (sol)
The Fourier transform of signal x(t) is given as (0
- 1
X(o) = j x(t)- et . dt |
T <t< i
We have, x(t) = 1 T_th :
0 ; otherwise T 0 T ¢
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T i i . ,
Hence, X(0) = .[ oot . gt = _ix[e—jmt]T _ el —goT _2sin(@T) _ ZT[sm(wT)}
o Jo -7 Jo o ol
X(w) = 2TS (wT)
Magnitude spectrum: The zero crossings occur at
ol =0, £m, £27 ...
0=0+n/T £21/T ...
X(w)
—4n 3n
/\? T /-\
3 a ©
T T

Q.2 State and prove convolution theorem in Fourier transform.

n (Sol.)

Q.3

According to the convolution theorem, the Fourier transform of the convolution of two signals in time domain
is equal to the multiplication of their Fourier transform in frequency domain.

Mathematically, x,(1) # x,(1) T X, () - X,()

Proof: () = Xt x() = [ xy(R) - xp(t =) - A

The Fourier transform of y(t) = x,(t) * x,(t) is given as

ﬁ w(t) xolt = 1) d)»}e/‘“t o

x(t—A) e . dt-d\

=
g
1l
§ —3
=
2
é‘—og

Lett—A=u = dt=du Y©) = [ x()- [ xw)- e dt-dh

—oco —oo

Y(w) = Uz xi(A)- €7 -dk}{o_f (x)-e7ou. du}

—oo

V(o) = X,(0)- X,(o)

Using time shifting and time differentiation properties, find the Fourier transform of the trapezoidal signal
shown.

g(t)

[T S
o

—-b -a
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