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Preface

Civil Service is considered as the most prestigious job in India and
it has become a preferred destination by all engineers. In order to
reach this estimable position every aspirant has to take arduous
journey of Civil Services Examination (CSE). Focused approach and
strong determination are the pre-requisites for this journey. Besides

this, a good book also comes in the list of essential commodity of

this odyssey. B. Singh (Fx. IES)

| feel extremely glad to launch the fourth edition of such a book which will not only make CSE plain

sailing, but also with 100% clarity in concepts.

MADE EASY team has prepared this book with utmost care and thorough study of all previous years
papers of CSE. The book aims to provide complete solution to all previous years questions with

accuracy.

I would like to acknowledge efforts of entire MADE EASY team who worked day and night to solve
previous years papers in a limited time frame and | hope this book will prove to be an essential tool
to succeed in competitive exams and my desire to serve student fraternity by providing best study

material and quality guidance will get accomplished.

With Best Wishes
B. Singh (Ex. IES)
CMD, MADE EASY Group
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Modern Algebra

1.1 If R isthe set of real number and R, is the set of positive real numbers, show that R under addition
(R, +) and R, under multiplication (R, +) are isomorphic. Similarly, if Q is the set of rational
numbers and Q. the set of positive rational numbers, are (Q, +) and (Q_, +) isomorphic? Justify
your answer.

(2009 : 4+8=12 Marks)

Solution:

Let R be the set of real number and R, be the set of positive real number.

We have to show

(R1+) = (R+")

Definef: R—> R, as

fix) = a'; where a> 0.

We will show fis one-one.

Consider, ker f = {xeRlf(x)=1}
= {x eRla* = 1}
= {xeR|x=|og1a}
= {xeRIlx=0}
= {0}

s fis1=1.

We will show fis homomorphism.

Letx,ye R

Consider fix+y = avv
= a.a’ = flx).{y)

.. fis homomorphism. We will show fis onto, i.e., we have to find for any positive real number ‘y’ some real
number x such that

fx) =y

ie., a=y
As a=y
On taking log both sides
= x = log,y
o fix) = y
Hence, fis onto.

(]Rl+) = (R+’.)

Let Q be the set of rational numbers and Q, be the set of positive rational number.
If fis homomorphism from Qto Q,, then
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fx, y) = fO)RY) V x, ye Q
And if image of 1 is known then the image of every element will be known.
fix) = a where a=f(1)
fa=1, f(x) =1

.. fis trivial homomorphism.
Ifa=#1, flx) = 1
then fx) = aeQVxeQ

which is a contradiction.
Hence, only trivial homomorphism is possible.

(Q+) = (Q,, )

1.2 Determine the number of homomorphisms from the additive group Z,; to the additive group Z,,,. (Z,is
the cyclic group of order n).
(2009 : 12 Marks)

Solution:

Let ¢:Z5 — Z4y be ahomomorphism.

As Z,5 is a cyclic group of order 15.

Zys = (D
Under homomorphism, if element 1 will be mapped then remaining elements will get mapped themselves
(~- Giscyclic)
Suppose, o) = x
As we know, if fis homomorphism from G to G’ then O(f(a)/0(a) where a€ G.
As ¢(1) = x.
O)/O(a) = 15
And order of element divides order of group
- O(x)/10 As O(x)/15

O(x)/15 = Ox)lg.c.d(15, 10)O(x)I5
Ox) = 1orOkx)=5
If O(x) = 1. Then it is trivial homomorphism. And if O(x) = 5.

Note : In Z,, number of elements of order k = ¢(k); provided kin.

~.In Z,,, number of elements of order 5 = ¢(5) = 4.

. We have 4 possibilities for x.
Total number of homomorphism =4 + 1 =5.

1.3 Show that the alternating group on four letters A, has no subgroup of order 6.
(2009 : 15 Marks)

Solution:
Consider the alternating group A,.

6(S,) _ 4
= — 4 _=-12
o) = =5
We show although 6112, A, has no subgroup of order 6. Suppose His a subgroup of A, and o(H) = 6.

By previous problem the number of distinct 3-cycles in S, is
1 4l 4-3.2.1

3 (4-93)! 31



Real Analysis

1. Real Number System

1.1 Show that every open subset of R is a countable union of disjoint open intervals.
(2013 : 14 Marks)

Solution:
Let U< Rbe anopen and letx € U. Then x is rational or irrational. If x is rational, define

I.= U I (Unionofallopenintervals in U containing x)
. xelcU
[Eis%pen

Note that /_is simply the largest open interval containing x as it is union of disjoint open intervals (see figure
below).

A~
A~

If x is irrational, as Uis open, 3€ >0suchthat(x—€,x +€) c U.

As every interval contains a rational 3y € (x—€,x+€) andthenx e 1,
. VxelU«xe 1, forsome ge Uu Q, i.e., where gis a rational in U.

Uc Ulq
qeluQ

But I, < Uvg

U= ui,

qeluQ

And as the number of rationals in Uare countable U can be written as union of countable intervals. Also each
of I, is disjoint as it being maximal if two I, overlap they will be same.

2.1 Show that a bounded infinite subset of R must have a limit point.
(2009 : 15 Marks)

Solution:
Let A be an infinite and bounded set. There exist and interval [k, K] such that A C [k, K].
We define a set S as follows :
x € S: It exceeds at the most a finite number of member of the set A.
Thus, while ke Sand Ke S.
Also, Sis bounded above in as much as Kis an upper bounded of the same. Let & the least upper bound of

S. Surely it exists by the order completeness properly of R.
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We show that & is a limit point of A.
Consider a neighbourhood say Bof g,
Ee (ab)cB
Now the number ‘a’ which is less than the least upper bound & of the set is not an upper bound of S. Thus
there exist a number, n (sequence) of S such that
a<n<gnes
Also n being a member of Sexceeds at not a finite number of member of A : It follower and that the number
‘a’ also exceeds at the most a finite a finite number of member of A.
Again the number b which is greater than £ is an upper bound of S without being a member of S. Thus must
exceed an infinite number of member of A.
It follows that
(i) ‘a exceeds at the most a finite number of member of S.
(i) ‘b’ exceeds an infinite number of members of S.
Thus, [a, b] contains an infinite number of member of A. So, that & is the limit of point of S.

. nm

sin—
2.2 Discuss the convergence of the sequence {x,} where x,, = 82 .

(2010 : 12 Marks)
Solution:
. 1 1 1 1

Given : Sequence =41-,0-—0,=-,0-—,....

. ol {8 88 8 }

. . 1 1 _ . .
So, the given sequence {x, } assumes 3 values viz., 0, 3 and 8 and is oscillatory in nature.

- {x,} does not converge.

2.3 Define {x,} by x, =5and x,,, = \/4+ x,, for n> 1. Show that the sequence converges to 1+£/ﬁ .

(2010 : 12 Marks)

Solution:

Given:x,=5andx, = 4+x, forn>1

X, = J4+x = J4+5=9 =3

Xy = JA+x, =4+3=17
Letn=1
x2 < x1
s Trueforn=1.
Let it is also true for Ke N.

et < X
Xpq + 4 < X, + 4
\/xk+1+4 < \/xk+4

= X2 < Xt

.~ True for k + 1 also.
So, by mathematical induction it is true for all Ke N.
- {x,} is monotonically decreasing sequence.



Complex Analysis

1. Analytic Functions

ag+taz+...+a,2

11 Letf(2) =

, b, # 0. Assume that the zeroes of the denominator are simple.
by +biz+.... +b,z

a, -1

Show that the sum of the residues of f{z) at its poles is equal to
(2009 : 12 Marks)

Solution:
Proof : As the zeroes of denominator are simple, so b, + b,z + ... + b, z" can be written as
b(z-z)z-2z)z-2) ... (z-2z,,)

ao + 812 +..... an_1Z

or ) = b(z-25)(z- 22~ 2p)...(z2— 2, - )

(1)

As maximum degree of ‘Z in numerator is n— 1 and degree of denominator is n (i.e., degree of denominator
is greater than degree of numerator).
So, f(z) can be written as

A A A A
fz) = —2—+ T+ "2 4 . n ..(2)

z-2zy z-2z, Z-2, z-z

Now, we know that residues of f(z) are A;, A;, A,, ..., A,y
According to problem, we need to calculate Aj + A, + A, ... A, g
From (3), the coefficient of 21 in numerator will be calculated as :

because on observing
Afz-2)0z2-2,)-(2-2,,)
+ A(z-2z)z~2,)-(z-2,,)
+ A(z-2z)(z-2)z2~-2y) - (2~ 2, ,)
+ o
+ A (z2-2)z-2)..(2-z,,)
In each of terms respectively coefficient of z™' will be Ag Ay Ay A, 4 So, the overall coefficient of
Zz"1in numerator willbe Ay + A, + A, ... A
Now, comparing this coefficient of 21 with (1) i.e.,
& _2  Gpq _n

&, &4, % Gn-1
bt b2t h L z
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a
In this fraction, coefficient of Z™! will be g__1 .
n
(as denominator (z—z)(z—- z,) ..... (z- 2z, ,)is common (3) and (4))
A+ A+ A LA = St

bﬂ

a
or Sum of residues = 2‘1 . Thus Proved.

n

1.2 Show that u(x, y) = 2x — x* + 3x)? is a harmonic function. Find a harmonic conjugate of u(x, ).
Hence, find the analytic function f for which u(x, y) is the real part.
(2010 : 12 Marks)

Solution:
Given ulx, y) = 2x —x3 + 3xy?
ou ) 0°u
d 2
oy = 6y, 8_)2/ = 06x
ay oy
2 2
8_12,/+8_lél = b6x+6x=0
ox  dy
. U(x, y) is a harmonic function.
Let v be its harmonic conjugate.
ou oV
— = — =2-3°+3
x oy i+ 3y
= vV =2y-3x°y + y° + fix) (1)
d
Also, U _ gy
oy ox
ov
- = _6
= = Xy
= v = =32y + g(y) ...(2) (fix) and g(y) are some arbitrary functions)

Comparing (1) and (2), we get

v = 2y + ¥ - 3x%y + ¢, where cis a constant.
Now, let f= ux y +ivx, y)
= f=(2x—x3+3x)°) +i(2y + 3 - 3x°y + ¢)

f(Z) = I(¢1(Z!O)_l¢2(zao))dz
= _[(2— 32°)dz = 2z- 72+ A, where Ais a constant
= fz) = 2z-22+ A
1.3 (i) Evaluate the line integral If(z)dz where f(z) = 22, c is the boundary of the triangle with vertices
Cc

A(0, 0), B(1, 0), C(1, 2) in that order.

(ii) Find the image of the finite vertical strip R: x = 5tox = 9, -n < y < m of z-plane under exponential
function.
(2010 : 15 Marks)
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Solution: y 2z-plane
(i) Given: fiz) = 22 c
Now, f(z) = Z° is analytic in whole given region. (1.2)
Line integral of cled boundary curve of analytic function is always zero.
jf(z)dz in the given region is 0. Given region
C B .
(i)  Given : x varies from 5 to 9 and y varies from —-m to . (0,04 (1.0)
Now, Z=x+1y y .
Image under exponential function will be i%?g’snems
e = ety = g¥ gl the image
As x varies from 5t0 9, ... & varies from €°to €°. e
Also, ¢ denotes angle variation. *
So, image is given by region in figure. N
So, the region is bounded by two circles of radii €° and &°.
y .
1.4 If {2) = u+ivis an analytic functionof z=x +iyandu-v= e’ —cosx+Sinx , find f(z) subject to the
coshy —cosx
3_;
condition, f(z) = a
2 2
(2011 : 12 Marks)
Solution:
Let 2) = u+iv
= iflz) = iu—-v
= (1+f2) = u-v+ilu+v)
= u+iv
Uz _ & —cosx +sinx
- coshy —cosx
_ coshy +sin hy —cosx +sinx
cos hy —cosx
_ o1t sin hy +sinx
COos hy —cosx
U 0
Let e 04(x, ¥) and i 0 (x,y)
oU cosx(coshy —cosx)—sinx(sinhy +sinx)
¢1(x! Y) = 5= 2
ox (coshy —cosx)
cosz(1-cosz)-sifz  cosz-1
¢,(z,0) = > = >
(1-cos2) (1-cos2)
-1 -1 0 Z
= —— =-—cosec” =
1-cosz 2 2
oU _ coshy(coshy —cosx)—sinhy(sinhy +sinx)
¢2(x, y) = —— = >
% (coshy —cosx)
1-cosz 1
¢2(Z, 0) = =

(1-cosz)? 1-cosz



Linear Programming Problems

1. Basic Feasible Solutions

1.1 By the method of Vogel, determine an initial basic feasible solution for the following transportation
problem :
Product P,, P,, P; and P, have to be sent to destinations D,, D, and D,. The cost of sending product
P, to destinations D; is C;, where the matrix
10 0 15 5
[Cl.j] =7 3 6 15
0 11 9 13
The total requirements of destinations D,, D, and D, are given by 45, 45, 95 respectively and the
availability of the products P,, P,, P; and P, are respectively 25, 35, 55 and 70.
(2012 : 20 Marks)
Solution:
The above problem can be expressed as
D, D, D;  Supply
i [ 9]
P 25 |25 () @
o] [8] [
P 20 | 15 | (35) (3) (3)
ERRCENE
Fs 55 | (55) (3) (9)
BERERE
Pal 45 | 25 (70) (8) (10)
Demand (45) (45) (95)
G 3
.. By Vogel’s method, an initial basic feasible solution of the given problem is given by the above table.
Total transportationcost = 3x20+11 x 15 +9x 55 +5x 45 + 15 x 25
= 60 + 165 + 495 + 225 + 375 = Rs. 1320
Explanation of Vogel's Method :
1. The givenvalues C,./.(given cost) are written in the upper left corner.
2. Find the difference between the smallest and next to the smallest Cl.j’s across rows and columns and
write at the bottom and extreme right of the boxes.
3. Select the row/column having the largest difference.
4. Allocate the maximum possible to the smallest cost and write in the middle.
5. Cross-out the columns/rows whose cost/demand gets completely filled.
1.2 How many basic solutions are there in following linearly independent set of equations? Find all of

them.
2x =X, + 3x3 +x, =
4x, —2x2—x3+ 2x, =

|
- O
o

(2018 : 15 Marks)
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Solution:
Form the table from given set of equations :

Basic Variables | Non - Basic Variables | Solution |lIsit possible?
Xy, Xy x3=x,=0 Inconsistent No
x; =2.57
x5 =0.236
Inconsistent
equation
x, =-5.14
Xy, X3 x=x,=0 Yes
x5 =0.286
Inconsistent
X5, Xy Xy =x3=0 ] No
equation
0 x5 =0.286 Ves
Xa, X, X1 = X5 =
3% 1= X2 x;=5.14

.. There are 3 basic solutions.

(i) x, = 257,x,=0,x;=0.286,x,=0
(i) x; = 0,x,=-514,x,=0.286,x,=0
(iii) x; = 0,x,=0,x;=0.286,x, =514

1.3 UPSC maintenance section has purchased sufficient number of curtain cloth pieces to meet the
curtain requirement of its building. The length of each piece is 17 feet. The requirement according
to curtain length is as follows:

Curtain length (in feet) | Number required
5 700
9 400
7 300

The width of all curtains is same as that of available pieces. Form a linear programming problem in
standard form that decides the number of pieces cut in different ways so that the total trim loss is

minimum. Also give a basic feasible solution to it.
(2020 : 10 Marks)

Solution:
Given, Length of curtain = 17 ft
Quantity | Curtain length | Loss (ft)
9 7 5
X4 1 1 0 1
X2 1 0 1 3
X3 0 1 2 0
X4 0 2 0 3
X5 0 0 3 2
To minimize, z = x, + 3x, + Ox, + 3x, + 2x,

X, + 3x2 + 3x4 + 2x5
For 5 feet curtain,
Ox, +x, + 2x, + Ox, + 3x, = 700 (1)



Partial Differential Equations

1. Formulation of P.D.E.

1.1 Show that the differential equation of all cones which have their vertex at the origin is px + gy = z.
Verify that this equation is satisfied by the surface yz + zx + xy = 0.
(2009 : 12 Marks)

Solution:
The equation cone having vertex at origin
ax? + by? + cz2 + 2hxy + 2fyz + 2gzx = 0 (1)
where a, b, ¢, f, g, h are parameters.
Differentiating w.r.t. x and y, we get
2ax + 2hy + 29z + 2gxp + 2zcp + 2fyp = 0

And 2by + 2czg + 2hx + 2fyg + 2fz + 2gxq = 0
So, acx+ hy+ qz+ p(gr + zc+ fy) = Ox x
by+he+fz+g(lcz+ fy+ gx) =0xy
= ax® + hxy + gzx + p(gr® + czx + fyx) = 0
by? + hxy + fzy + g(czy + > + gxy) = 0
On adding,
= ax® + by? + 2hxy + gzx + fzy + px + qy[cz + fy + gx] =0
= —(cZ2 + fyz+ gx2) + (cz+ fy + gx)(px + qy) = 0
= (cz+ fy+go)(px+ qy—2 =0
Clearly, px + qy— z = 0 is required differential equation.
Given surfaceis yz+ zx + xy = 0 ()
Differentiating (*) w.r.t. x and y, we get
yo+z+px+y=0 ..(2)
Z+yg+xg+x =0 ..(3)
So, we get p = _(Z+y), _—+2)
(x+y) (x+y)
-(z+y)x (x+2)
S e N M
_ Azt Y-+ 2)y—2z(x+y)
) (x+)
_ XZ—=XxY—xy-Zy—-Zx—-2y
(x+y)
 2Axy+yz+zx) =20
- x+y Cx+y

1.2 From the partial differential equation by eliminating the arbitrary function f given by :
x>+ % z=xy) = 0
(2009 : 6 Marks)



192

@\ YU T-CH TET Tl Mathematics « Paper-Il

Previous
Solved Papers

Solution:

1.3

The function is

Z = xy+ Fx?2 + )

Now differentiating partially (1) w.r.t. x we get

So,

9z
ox

Y+ :’:’(x2 + y2)2x

pb-y F/(x2 + y2)
2x

Now, differentiating partially (1) w.r.t. y, we get

So,

Equating (2) and (3), we get

So, py— gx = y? — x? is linear PDE.

Find the surface satisfying the P.D.E.
x=0and az=x*wheny=0.

Solution:

Given, the equation is

B_Z = x+ F(x®>+ A2y
ay

TE — P2+

2y

p-y _ g-x

2x 2y

(D?—2DD' + D)z = 0

= (D-D)Yz=0
The auxiliary egn. for above eqgn. is

(m-12 =0
= m= 11

.. The solution of above egn. is

Given,atx =0, bz= )P =

2
2oV
b
y2
? = (1)1()/) +0 = ¢1(Y)
2
+
oy = ¥ bx)
x2
L X
a
2
= 0400 +x0,)
2 2
% = %er(l)z(x)
x¢2(x)

Il

)
—
Q| =
|
o=
Nl
=

N

=
1l

=
—

(1)

(D? - 2DD’ + D'®)z = 0 and the conditions that bz = y? when

(2010 : 12 Marks)



Numerical Analysis and
Computer Programming

1. Solution of Algebraic and Transcendental Equation of One Variable

1.1 Develop an algorithm for Regula-Falsi method to find a root of f(x) = 0 starting with two initial iterates
x, and x, to the root such that sign (f(x,)) # sin(f(x,)). Take n as the maximum number of iterations
allowed and eps be the prescribed error.

Solution:
1.

© © N ok WD

[ U T G
Moo

15.
16.
17.

(2009 : 30 Marks)

Read x, x,, eps, n

Remarks : x, and x, are two initial guesses to the root such that sin(fx,)) # sign (f(x,)). The prescribed
precision is eps and nis the maximum number of iterations. Steps 2 and 3 are initialization steps.
fy x f(x,)

f, « fix,)

Fori =11to nin steps of 1 do.

x, < (xofy —x, fIF, = 1)

f, « flx,)

if If,] < eps then

begin write ‘convergent solution’, x,, f,

stop end

if sign (f,) # sign (£,)

Then begin x; < x,

f, « f, end

else begin x, < x,

fy < f, end

end for

Write ‘Does not converge in niterations’.

Write x,, f,

Stop

1.2 Find the positive root of the equation

2
10xe™ -1 = 0

correct upto 6 decimal places by using Newton-Raphson method. Carry out computations only for
three iterations.

Solution:

(2010 : 12 Marks)

Given : f(x) = 10)(67)(2 -1

Flx) = 1067 +10xe™ x (-2x)

106~ (1= 2x2)

Letx, =0
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Using Newton-Raphson’s method

a f(x,)
xk+1 - xk_f/(x)
k
v = ag—%) o (g1)=041
1 0 /(xO)
v = 1) 4401026
2 1 /x1
f
% = 1 -2 0401006
(x,

.. The positive root is 0.101026 (approx.)

1.3 Use Newton-Raphson method to find the real root of the equation 3x = cos x + 1 correct to four
decimal places.
(2012 : 12 Marks)

Solution:
The given equation is
fix) = 83x—cosx—-1=0
f(0.60) < 0 and (0.61) >0
Hence, a real root of f(x) lies in the interval (0.60, 0.61)
f(x) = 3+ sinx
From Newton-Raphson’s method, we have

by = Xx,— fxy)
x+1 n f’(xn)
_ _ 3x, —cosx, —1
" 3+sinx,
Taking x, = 0.60, we get
f(xo)
Y. =
1 X0 f/(xO)
_ _ 3xp —COsx; —1
-0 3 +sinx,
3(0.60) — cos(0.60) -1
= 0.60-
3+ sin(0.60)
= 0.60701
f(xy)

Xy, = X
2 1
F(x;)
3x; —COS Xy —1
3 +sinxy

3(0.60701) — cos(0.60701) - 1
3+:sin(0.60707)

:x1—

= 0.60701-

= 0.60710
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3x? - cosx, — 1
3+ S|HX2

3(0.60710) - cos(0.60710) - 1
3+ sin(0.60710)

Xo —

0.60710-

0.60710

Since x, = x5, .. x = 0.60710 is a root of f(x).

1.4 Apply Newton-Raphson method to determine a root of the equation cos x —xe* = 0. Correct upto four

decimal places.

Solution:

fx) =
So that, f0) =
and f(s) =
o O)(i) <
Hence the root lies between 0 and 1.
Take Xy =
: fix, 0) =

By the method of fase position, we get

)C2=

.. The first approximation to the root is

x2 =
Now f(xg) =
f(xg)f(x1) <
.. The root lies between 0.31467 and 1.
Take Xg =
’ f(xo) =
From (v), Xy =
The 2" approximation to the root is,
Xy =

(2014 : 10 Marks)

COS x — x€*

.
cos1—-e=-2.17798
0

Oandx, =1
1and f(x,) =-2.17798

Xof (1) = x1(xg)
f(xy) = f(xp)

0(-2.17798) - 1(1)
-2.1779.8 -1

=0.31467

0.31467
0.51987 >0
0

0.31467 and x, = 1
0.51987 and f(x,) =—2.17798

(0.3146)(-2.17798) — 1(0.51987)
-2.17798 -0.5187

=0.44673

0.44673

Now repeating this process, the successive approximations are

X, =
Xg =
Xg =

0.49402, x, = 0.50995
051520, x, = 0.51692, x, = 0.51748
051767, x,,= 0.51775 etc.

.. The approximate root is 0.5177 correct to 4 decimal places.

1.5
to three decimal places.

Solution:
Here, xlogx =
e, xlogx-12 =

Apply Newton-Raphson method, to find a real root of transcendental equation x log,, x = 1.2, correct

(2019 : 10 Marks)



Mechanics and Fluid Dynamics

1. Generalised Coordinate

1.1

A perfectly rough sphere of mass mand radius b, rests on the lowest point of a fixed spherical cavity
of radius a. To the highest point of the movable sphere is attached a particle of mass m’ and the
system is disturbed. Show that the oscillations are the same as those of a simple pendulum of length

Solution:

4m’ + Zm
(a-b)——2
m+ m’(2 - BJ
(2009 : 30 Marks)
Now QY = QO Take this point as zero potential
or ab = b(0+¢)
(a-b)o = by
(@a-b) = bh

Now, total kinetic energy, T can be written as

T= %m'vj +%mVC2m +%Icmw2

Now, x, = (@a-b)sind = i, =(a—b)coso-6
- (a-b)cosd = y, =(a-b)-sino-6

Ye
Ve = i+ Vi =(a-bfe?

I = %ma2 and w= ¢

x,=(a—-b)sin6 + bsino

Xp = (a-b)cose-0+bcoso- ¢

Y, = (a— b)cos 6 —bcos ¢

Yp = (a-b)(-sine)-6 + bsing - ¢

B4 y5 = v2 = (a-bP6° + b° + 2Aa- b)hob(cose coso — sindsing)

= (a- b2 + BP9 +2(a-b)do(1-1-08¢)  (Ignoring the term 0¢ as it is very small)
~ (a-b)?6? + b?9° + 2(a- b)od

Now potential energy, V = —-mg(a- b)cos 6 — m'g{(a— b)cos 6 — b cos ¢}
Now lagrange, L=T-V

L= %m'{(a ~b)*6% + b%? +2(a~b)bdd) +
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%m(a —b)26% + % X %ma%z + mg(a— b)cos 0 +

m' g{(a— b)cos 6 — b cos o0}

As (a—b)o = B
So, the generalised coordinate will only be one.
Convert 6 to ¢.
Also (a-b) = bo
So, L= %m’{b(b2 +b%9% +2b%9%) + %mb2¢2+%d)2 + mg(a- b)cos 6
+ m'g(a— b)cos 6 — m'gb cos ¢
L= ¢? (Zm’ +7_mj b? +(m+m’)g(a- b)cosﬂ—m’gbcoscp
10 a-b
ot _ 2¢(2m’+7—m)b2
tol) 10
oL b . b .
— = ——(m+m)gla- b)(-T)sin + nm'gbsin
% = (@_p ™ mdta-O-Dsine 2 nfgbsing
= -bm+ m’)gsin(aliq)b) +m'gbsing
b b o
But Sma—b ~2°h andsino=¢
So, g—qL) = -b(m+ m’)g(ati¢b)+m’bg¢
Now, using Lagrange’s theorem
dfoLy_oL _
at\og) odq
or if)(4m’+7—mj b? +b(m+m’)g—b¢—bm’g¢
5 a-b
¢(4m'+7ﬂ] b? +¢bg[b(m+m')_m’(a‘b)} -0
5 a-b

gb n'7’(2b—a)+bm)¢ _o

é*(wﬂgv)be( B

This is S.H.M. equation.

or d+W20 = 0
a
Q{W(Z—bj+m} g
5o W= m L
[4m'+—)(a—b)
5
(4m’+7—m)(a—b)
5
or, | =
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So, oscillations are the same as those of a simple pendulum of above length

(4m’ + 7?) (a-b)

m+m’(2—a)
b

1.2 A sphere of radius a and mass mrolls down a rough plane inclined at an angle a to the horizontal. If
x be the distance of the point of contact of sphere from a fixed point on the plane, find the acceleration
by using Hamilton’s equations.

L:

(2010 : 30 Marks)

Solution:
Figure-1 below depicts the situation given in problem.
K — Radius of gyration of given sphere

o 1 o0 242
Kinetic energy, T= > m(x~ + K°0%) Figure-1
1 .2 2 -0 2 2
= —m x**+=a% K ==& for sphere
2 (’“ 5 a P
= %m(;&%%x?):%mx? (Inpure rolling, x=a@)
Potential energy, V = —mfxsin
L=T-V= 7 mi2 + mfxsina
10
aL 7 7
= ——=—mMX2Xx=—MmX
Now, e T TR R
— . _ bP,
5 o= 2x
m
. Hamiltonian, H= -L+P,-x= —%mf -mgxsino+ P, - E;P"
-5P2 . Bp? o= 2h
H = L —mgxSino + == Putting x ===
= 1am 9 7m ( 7m
= H = in—mgxsinoc
14m

.. One of the Hamiltonian’s equation gives
—0x

Px = ——=+mfsina
ox
7 . .
= —mx = xfsina
5
= ¥ = E sina,
X = 79

5
.. Acceleration of sphere is 7gsmoc.

1.3 Obtain the equations governing the motion of a spherical pendulum.
(2012 : 12 Marks)

Solution:
Let ‘m’ be the mass of the bob of spherical pendulum, which can swing in any direction, traces out a sphere
of constant length 7.
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